Example 116. Verify Divergence Theorem, given that F=4xzi-yj+yzk and § i the
surface of the cube bounded by the planes x = 0, x =1,y =0,y =12=0z=1],

‘Solution. V.F = (zi+j-a—+k-a—) (4 xzi—y% +yZR
z

dx “dy 0
=4Z—2y+y (0'0|1) Gj-—z —————— D
/s 71
= 47—y e = ' /|
/7
Volume Integral = I f I V.Fdy Ff |r E :
A I
-Ijj(4z y) dx dy dz o{ - :
ot e e o
= jo dxjo dy jo (4z-y)ds , 5 27 010
Xy A (1,0,0) B

1

=Io dxj(: @y (22-y2), =fl dxfl dy2-y)
1

-, d"(zy‘ﬁlo I d"(z") %I de =3 (x)y =3 1)

To evaluate .[ ‘[s F. 'r_] ds where § consists of six plane surfaces.
Over the face OABC, z=0,dz =0, ﬁ = -k, ds = dx dy‘

Y A Vial

JIrdias=] | (- (-kdeay = 0

Over the face BCDE,y = 1,dy = 0,7 = j,ds = dxdy
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Vectors 379
j'J' A el B3y o1
Fonds = | [ (xzi-jran)-(yarde= [ | - andz
0 "0 00
- - =~ -
A LSl COTT € Pl IO e,
Over the face DEFG, z = 1,dz = 0,7 = k,ds = dxdy
A e
IIF'nd-Y = J‘o ,[0 [4x(1) -y} +y (1) k] - (k) dx dy
I | ! | ﬁ) 1
Y Rt
Over the face OCDG,x = 0,dx = O,ﬁ = —i,ds = dydz
& Lo
[[F-Ras= ]O j'o (0i= Y3 +y2k) - (= i) dydz = 0
Over the face AOGF,y = 0,dy = 0,7 = —j,ds = dxdz
A i il
IIF-nds= jo '[0 4xz)-(—j)dxdz=10
Over the face ABEF,x = 1,dx = 0, ﬁ —.i ds = dydz‘
HF Nds = j j [(4 2i— % + y2h) - (o]dydz_j j 4zdydz
-_-I dyJ- 4zdz—j dy(ZZz)O—Zj d)’
On adding we see that over the whole surface
ij.nds=(0-l+-2-+0+0+2)=% | -(2)
From (1) and (2)
— A y 3
EE V.de=HSF-nds 7 Verifled.
y |
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Ex. 34, Fmdff A+*nds,

where —\2r+3z)l—(xz+y)j+(y I-Zz)k
and S is the surface of the sphere having centre at (3, --1,2) and radius
3. (Kakatlya 1990, Meerut 74)

Sol. Let V be the volume enclosed by the surfacv S. Then by
Gauss divergence theorem, we have. :

[T wenas= [, annar

1 - —— — .?_ ’2 2
N()wdnvA—E(2x+3z) + ay{ (xz+y)} + 5 Ot 22)
=2-1+2=3,

J]; A*ndS = J‘ﬂ; 3dV =3 ‘[ﬂ-‘/ dV = V.

But Vs the volume of a sphere of radjus 3. Thercfore
V=17 (3)° =36

o ﬂ; AndS=3V=3x367 = 108 7.
Ex, 35. (a) Apply divergence theorem 10 evaluate

[(x+z)dydz+(y+z)dzdx+ (x +y)dxdvl

"’ ’e n l Yanal

Sol. By'divcrgcnce lhcm'cm, the given surface integrai is cqudl
1o the volume Integral

[—--(x+z) +;—(y +2) + --(x +)')ldV

fff 2dV = Zfﬂ dV = 2V, where Vis the

volume of the sphere xt+ yz + 2
4 -4- 3 g'-—.—
=2 [3:r (2) ] 3

‘\

=4
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254
. VECTOR CALCULUS

2, 2 s the Surface of the Sphere
Sol. By Géuss diver a o (Osmania 1991)
cqual to the voluine integral M, the given surface integra! s

9. 9 é
v (x) + 'a; (y)+ 5(1)] dV, where V' fs the volume

fﬂ enclosed b ihesph;rex2+ 2+ =4
= ) + = = 4
V.( L+ 1)dv 3'[[/‘{ dV—3V=3-f§7r(2)3J
=32x, |

1 Ex. 36. If S is any closed surface enclusing avolume V and
F=vi+2yj+3: k, prove that '

r FendS =6V,

5 " ‘ ' y
(Rohilkhand 1980, Kanpur 79, Agra 78)
Sol. By divergence theorém, we have '

fj; FendsS =fﬂ:/ dideV=fﬂ/ dilv.(xl+2yj+3zk)d{/
| =fﬂ:, [%(xﬂ%.(zy)f%(az)]dv
. ' -_—.j:g; (1+2+3)4V=6f-mdy=6u
\/%x. 37. Evaluate ' '
' fj; P25+ 0% + 22y2 .k_)°ndS :

where S is the part of the sphere x4 y2 +72% = 1 above the Xxy-plane and

bounded by this,piane. . (Agra 1969, Bombay 66)
Sol. By divergence theorem, we have

ﬂ? ()'22 i+22x2j+22;v2 k)ends l

= f.[f; div (y*22 1+ 6P+ 2P k) aV,

where V is the volume enclosed by S

=fﬂ, [f; (yzzz)+%(zzx2)+%(z2y2)] av

~ 2 .
—_-fﬂ;/ 2zy dVL-Zf_U;,zde.
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GREREN'S. GAUSS'S AHD STOKE'S THEORIMS 259

We shall use spherical polar ¢ rdinates (1. f. ¢) to evaluate this

triple integral, In polars dV/ = (dr) (rd0) (rsin 0 dp) = rtsin 6 drdf
de. Also z = rcos 8, y = rsin 8 sin . To cover V' the limits of r will be

' b4
010 1, those of @ will he 0 1o 5 and thosc of ¢ will be 0 to 2. The triple

integral is , .
n/2
f,oj; f (r cos 9)(} sin” Hsm rp)rzsinedrdﬁ drp

n/2 [
J:_OJ; f P sin” Bcos()sm @ dr df d¢p :

n/2
--2 f f_ sin” 0 cos 6 sin® ¢ dB dp,

on integrating with respect t0 /.
[Notc that the order of integration is immaterial because the
limits of r, 8 and ¢ arc all cons unts].

Il

1 2 fl" )
- — Sin- . . oninteerating with respect 1o 6
342.Jo ! Intagrating P

[ AL, 1 1
—t qncpdh = === —
n4ﬁ Sin“gpd =195 =13

Lx. 38. Uy converting the surjacd integral info a volume integral
evaluare o . '

IT(H@m+ﬁma+£mmy

where S iis the surface of the sphere x* + Yo +z° =1 (Bombuy1970)
Sol, By divergence theorem, we hdve

g (Fydydz + F, dz dx +l'3(i\ dy)

o oF oF
= ﬂf ( L = 3) de dy dz,
v | or .r7y dz
where Vis the volume enclosed by S.

Hereh:x F2=y,F3-z.

'1
- N R N A S)] |
dy J2 . I

*lhe given surface integral

fff (x +y +Z )dtd)’qz

Bl
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‘-65/ 48, Venfy divergence theoren for the function :

=yl+xj+ 22 k over the cylindrical region bounded byr +y =a’,
2=0andz=h. (Kanpur 1975; Allahabad 79)

90] bet S denote the closed surface bounded by the cylinder i

2+ y = a* and the plancs z = 0, z = h. AlsO let VV be the volume
boundc,d by the surface S. Ry Gauss dlveu,cnc,c theorem, we have

fﬁ Fends = fﬂ; div IV dV.,
Wchave'j:ﬂz divFdV = fff d:v(y|+u+z k)] aV
=ﬂ:f P—-—('y)+'——(x)+—-(z )JdV f 22.dV

- 2'.{‘ :J:m-a f\/(f\/_(jl)-xl) Zézdx K

= f f J'\/(nﬂrl)mzdxa‘y
z=0 x=—d
f / \/(J "l‘)
| "4./;0 . , .

2 V(a? = x*) dz dx

Jr=0 Jx=~a

c h [a 2 "
2 V(" = ") dz dx

Ji=0 Jr=0

Scanned with CamScanner



VECTOR CALCULUS

5 h
Q
2 .2y |4 dx

z2e=0)
LRy PP
“0gy TV X )k s 0

. a

2 .

Z a Jt - -
=dh? | ya? =2y L 8-l X =4n* | = - ° -
=4h [2\/((1 x7) + 5 Sin a] 2

Now we shall evaluate the sy rface integral

s Fendas.

The surface S consists of three surfaces: (i) the surface S, of the
base of the cylinder i.., the plane face z = 0, (i) the surface 5, of the

\op face of the cylinder i.e., the Flare face z = 4 and (iii) the surface
5+ 0f the convex portion of the cylinder.

For the surface Sple,z=0,F=yj+ x ]}, puttingz = 0in F.

A unitvector nalong the outward drawn normal to S is obviously

e |
ﬂ;’ F-ndS=I]Cl (Yi+x))e(=k)dS =0,

For the surface S, ie., z = b, F =yl+xj+ hzk, putting.; =h
in F,

A unit vector n along the outward drawn normal 1o Sy

n=k -
. on AC TS 1
| fj-;z F ndS—_U;2 (Yi+xj+h K)*kdS

= fj;z h*ds = h? JT dS = h* area of the plane face S, of

]

is given by

. the cylinder
o=hA et = gty '

For the convex {)om‘on SS

by KT = @, 1 veator normal
1034 is given by |

V(x2+y2)=2xl+2yj.
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GREEN'S, GAUSS'S AND STOKE'S THBOREM |

n = a unit vector along outward dra'wn normal at any polnt of §,

2”"'221—“’-‘—'—t2-1.slnccxz+y =a cnS3
R L

onS3 Fonu(yl+xj+zzk) [ xl+)’$)]

L]

= %Iy + '};x}’ " %IJ’-

_Also dS = elementary area on the surface Sy
= a df dz, using cylindrical coordinates r, 6, 2.
‘U;a F*ﬁ ds = J];! %xya df dz, where

x=acosf, y=asinf

h 2
=f | 2acos0asin0dbdz
z2u() JO=(

2 (& ' h
= 24 D cosGsinB[z]z_odB

o 2 PX 4
=2a2hJ;. cosBsianBf:ahJ; sin 26 d@

. 7
= a’h ['— 9_0_52__22] =- —h [cos 4 — cos O] =
0

.Hence the total surface integral .
ff FendS = 0+ 7 a’h? + 0 = x a*h?. . s (2]
From (1) and (2), we see that. |

(I], avrave [], venas

This verifies divergence theorem,
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